We consistently reduce the equations of motion for the bosonic N = 2 supergravity action, using a multi-centered black hole ansatz for the metric. This reduction is done in a general, nonsupersymmetric setup, in which we extend concepts of BPS black hole technology. First we obtain a more general form of the black hole potential, as part of an effective action for both the scalars and the vectors in the supergravity theory. Furthermore, we show that there are extra constraints specifying the solution, which we calculate explicitly. In the literature, these constraints have already been studied in the one-center case. We also show that the effective action we obtain for non-static metrics, can be linked to the "entropy function" for the spherically symmetric case, as defined by Sen and Cardoso et al.
Introduction
It has been more than 10 years now since the attractor mechanism in supersymmetry was discovered, in the context of N = 2 extremal black holes [1] [2] [3] . Since then, it has been realized that the attractor phenomenon is not restricted to the supersymmetry of the solution, but rather is a property related to the extremality of black holes. This was first proposed in [4] , where also the concept of a black hole potential was introduced, and studied in detail later in [5] [6] [7] . In the latter, the non-extremal attractor equation was derived in great detail. All this work was done for static black holes.
In the context of string theory, the attractor phenomenon has also been well studied for BPS black hole systems [8] . In particular, it was shown [9, 10] that solutions exist with multiple centers. They can be described in the low energy limit as stable configurations of several coupled black holes. These no longer have to be described by a static metric.
We do not have the intention of giving a detailed description of the attractor phenomenon. We do, however, want to extend some of the ideas concerning the reduced action one generically writes down for such extremal black holes, which is the basis of a detailed study of the attractor equations. In the case of a static metric, a spherically symmetric metric ansatz is generically proposed -see for instance [4, 7] . Using this ansatz, one eliminates the vectors through their equation of motion and integrates out angular dependence of the supergravity action. In this way one obtains a reduced action, governing the dynamics of the scalars, introducing a charge-dependent black hole potential along the way. For completeness, a (Hamiltonian) constraint has to be imposed on the system. Another method is based on integrating out angular dependence and a Legendre transform of the reduced Lagrangian is carried out. The stationary points of the entropy function thus obtained [11, 12] give the attractor equations. When one studies multicenter solutions, as is done in [9] , one does not start from the standard form of the supergravity action exhibiting manifest four-dimensional covariance. Instead, one can derive the attractor behavior from a four-dimensional electric/magnetic duality invariant action. However, the author has not checked compatibility of this action with the full four-dimensional metric. When doing so, by comparing with the four-dimensional Einstein equations, constraints may have to be imposed on the system. In [9] , this is avoided by immediately imposing BPS conditions on the reduced action. The BPS solutions are then supposed to satisfy these extra constraints.
We would like to obtain such an action in another way. We do this by studying the information contained in the Einstein equations. The Einstein equations, together with the equations of motion for the scalars and those of the vectors, govern the dynamics of the black hole solution. Knowing this, we will try to integrate (some of these) Einstein equations to give an effective action. The Einstein equations that cannot be derived from this effective action, will become constraints that have to be imposed on the solution. We will show that the effective action correctly describes the scalar and metric dynamics as well as those of the vectors. In fact, the effective action we obtain in this way, is exactly the one that has already been studied [9] , but now we also arrive at extra constraints that were not found then. We also show that the action we obtain is analogous to the concept of the entropy function of Sen [11] and Cardoso et al. [12] , in the sense that our effective action is (minus) the entropy function for spherically symmetric metrics.
We apply our method to stationary spacetimes. Also, all the fields will be required to be time-independent. Both the static and non-static cases are discussed, in a nonsupersymmetric setup. This will allow us to propose an effective action, first for static but not necessarily spherically symmetric metrics. When we do look at spherical symmetry, we see that our effective action is the same as the reduced action in the literature. We also obtain the same constraint. However, the method we use is different from a dimensional reduction. There is a subtlety in the choice of independent variables. We will come back to this later. When we apply our machinery to non-static black hole systems, we arrive again at an effective action for the scalars, together with extra constraints. These constraints have not been found before. Also, we can straightforwardly generalize the concept of a black hole potential.
The outline of this paper is as follows. We begin by elaborating on results for a static black hole metric ansatz, in section 2. This will be more than just a review of what is known already for extremal black holes. We will bring our method into practice for a generic static metric ansatz, to establish the key features of our consistent reduction of the supergravity action by means of the field equations. This will lead us to proposing an effective action and a dynamical constraint restricting the solution. Where the original supergravity action had the scalars and the (four-dimensional) vectors as independent variables, this will no longer be the case here. The effective action reproduces the vector and scalar field equations, but only after a specific reparametrization of the vector contribution, in which we switch to new three-dimensional vector variables. Afterward, we make a specific choice of the metric and obtain indeed the same results as in the literature, including the notion of a black hole potential.
In section 3, we apply the same steps toward an effective action, this time for a general non-static metric ansatz admitting multicenter black holes. Again, the four-dimensional vectors will no longer be the independent variables in the effective action we obtain, but new three-dimensional ones will have to be considered. We will arrive at a generalization of the concept of a black hole potential. Furthermore, there will also be constraints generalizing those that we had for a static metric and we will present them in detail.
In section 4, we explain how the effective action we obtain is different from the supergravity action we started from. In fact, we start from a manifestly covariant action in four dimensions, which is not invariant under electric/magnetic duality rotations. The effective Lagrangian we obtain however, does transform as a scalar under electric/magnetic duality. But because we switched to three-dimensional gauge vectors as independent variables, it will no longer be covariant with respect to the full four-dimensional spacetime.
Finally, we conclude in section 5.
Introducing our method: static metrics
Before applying our method to derive an effective action for multicenter black holes, we will look to static metrics. First, this will allow us to introduce the key ideas of our reduction of the equations of motion in a simpler setup. Secondly, we will be able to link the solutions we find to the results known in the literature. In particular, this will make it clear how we generalize the concept of a black hole potential, both in static configurations and later also in non-static ones. A static spacetime metric 1 has the general form:
In the following, γ mn will be used to raise and lower indices and to define a covariant derivative D m .
Proposing an effective action
We start from the bosonic part of the Einstein-Maxwell action coupled to Abelian vector fields:
The independent variables in this action are the scalars z α , gauge vectors A , and the metric g µν . We have split the action in a gravity term S Einstein , a scalar part S (0) and a vector part S (1) . When seen in the context of a concrete N = 2 supergravity theory, the scalar metric G αβ will be hermitian and linked to the Kähler potential of the special geometry. The vector couplings are given by Im N IJ and Re N IJ . The matrix N is determined by the special geometry and a choice of symplectic basis. The matrix Im N will be negative-definite. For our purposes, however, the action may have both an arbitrary scalar metric G αβ and arbitrary scalar-dependent vector couplings Im N IJ and Re N IJ .
As explained in secetion 1, we would like to find an effective action starting from expressions for the Einstein equations. The Einstein tensor is defined as
3)
The Einstein equations are given by varying the action (2.2) with respect to the metric and yield:
where T µν is the energy-momentum tensor. We have
Remember that our solution will be stationary and hence time derivatives vanish. Let us look first at the contribution from the scalar part of the action. We have
For the vectors, we note that the metric only appears in the term with Im N in the supergravity action (2.2). This leads to
When writing down the energy-momentum tensor, it proves useful to introduce the magnetic vectors
After some calculation, we see that the Einstein equations reduce to the following two equations:
The tensor V mn is quadratic in the field strengths and given by the expression:
All this leads us to proposing the following effective action:
The field equation of this action for U is (2.10) if we keep V mn fixed during the variation. Of course, as U does not appear in the scalar part of the action, the latter is not determined by this requirement. We will prove that the field equations for the scalars can also be derived from this effective action for a specific parametrization of V mn . This will be clarified shortly. Only then will it be clear how to use this effective action. We want to emphasize that γ mn should not be seen as a dynamical variable in this action. Instead of its field equations as following from this effective action, we should take the Einstein equations from the original action (2.9) as constraints complementing the action (2.12). This will be explained below.
Reproducing the field equations from the effective action
In the effective action, expression (2.11) is phrased in components of the field strengths F I µν . However, we can write it in terms of the symplectic vectors of field strengths and field equations. To do so, we introduce the following variables:
Under electric/magnetic duality, F I and G I transform as a symplectic vector. If we denote the three-dimensional duals as a generalization of (2.8):
we obtain from (2.13) and ε 0npq = −ε npq (as we use ε 0123 = −ε 0123 = 1):
The matrices in the expression are the symplectic metric Ω and the matrix M defined by:
These matrices contain indices I and J at appropriate positions automatically for (2.15) to make sense. This leads to
U does not appear in this expression for V mn . This implies that if we consider V mn as a function of F I m , G Im and the scalars implicitly present in (2.16) and insert it as such in the effective action (2.12), then it is still valid that this action generates the right field equation for U. We now check that in this way it also generates the same scalar field equations as those obtained from S (0) and S (1) in the original action (2.2), where the vector fields A I µ were the other independent variables. Hence the field equations that should be reproduced are
where we denoted ∂ α = ∂ ∂z α . Specifying metric (2.1) and the expressions for the field strengths in terms of F I m and G Im , this becomes 19) where the indices I and J appear again in appropriate positions on the submatrices of ∂ α M. The latter are indeed the field equations for z α , obtained from the effective action
(2.20) This action should be considered as an effective action for varying with respect to the variables U, z α and A I m , A Im , while γ mn should be considered as background. We saw already that the field equations of the original action for γ mn lead to constraint (2.9). We will now check what the field equations of the vector sector impose.
The Bianchi identities and the vector field equations from the four-dimensional action (2.2) with independent vectors A I µ are equivalent to
We can reproduce these equations from the effective action (2.20), if we now take threedimensional gauge vectors A I m , A Im as the fundamental vector variables. We consider then F I mn and G Imn as the field strengths for these variables:
The Bianchi identities for the vectors A 
We see that, for stationary solutions, the vector field equations and Bianchi identities (2.21) are correctly reproduced by (2.23) and (2.24).
The effective action we propose (2.20) indeed reproduces all the field equations, with the following independent fields: scalars U and z α , and three-dimensional vectors A Im , A I m . To incorporate the full set of Einstein equations, constraint (2.9) still has to be considered. Note that we arrive at an action which is no longer covariant in four-dimensional spacetime, due to the vector term. We do however have an action that displays invariance under electric/magnetic duality. We come back to this in section 4.
The black hole potential
We now wish to establish the link with the black hole potential known in the literature. To do this, we try to find a solution to the equations (2.21). In terms of our preferred variables, this gives:
One way of solving these equations is to put
Remark that this brings us in the realm of supersymmetric solutions. Indeed, for instance in [9] it was shown that for BPS solutions the three-dimensional vectors are related to harmonic functions on R 3 precisely in the manner (2.26). We remain then with Bianchi identities of the form
which can be solved by assuming that all functions (U, the scalars and the harmonic H I and H I ) depend only on one coordinate such that the ∂ m and ∂ n for m = n in the above equation cannot both be non-vanishing. We denote this one coordinate as τ . Thus, we have: U(τ ), z(τ ), H I (τ ) and H I (τ ). A convenient metric is e.g. [13, 14] 
Details on this parametrization are given in an appendix of [7] . This parametrization has the property √ γγ τ τ = sin θ, which will be useful. Harmonic means now justḦ = 0, where a dot is a derivative w.r.t. τ . So we can take
We have here introduced the magnetic and electric charges in the symplectic vector Γ. In this parametrization, the Lagrangian gets the form (up to a normalization):
where the black hole potential is
The above is also the form of the reduced supergravity action, obtained by integrating out angular dependence, known in the literature (see e.g. [4, 7] ). The one-dimensional effective Lagrangian (2.30) does not reproduce all of the field equations. Indeed, from the Einstein equations (2.9), we have to impose the following constraint:
Having established the key ideas in the last section, we would like to extend this now to the case where we have a more general, non-static ansatz for the metric. In [15, 16] it was shown that time independent (BPS) configurations require a stationary metric that can be written in the form:
In fact, [15, 16] dictates γ mn = δ mn . We will extend this slightly however, and allow γ mn to be an arbitrary metric on the three-dimensional space. We will proceed following the same steps as for a static metric. The main objective is to generalize the concept of the black hole potential, which was the tensor V mn (2.17) written down in a specific spherical coordinate system, and find the generalization of the extra constraint (2.9). We will keep using γ mn to raise an lower indices and to define a covariant derivative D m . Again, we will make use of the dual field strengths (2.13). Remember, however, that this definition will lead to different expressions than in the static case, because of the explicit metric dependence in (2.13). Also, we define the three-dimensional duals as in (2.14).
In subsection 3.1 we give the field equations that have to be reproduced by the effective action we will construct. We calculate the Einstein equations and the field equations for the scalars and the vectors. We will later propose an effective action, in three-dimensional flat space. The function U appearing in the metric will show up in this action as a scalar field; the functions ω m behave as three-dimensional gauge vectors. Anticipating this, we will introduce the following field strength for ω m :
We will also find several constraints that have to be imposed on the fields in the effective action. Later, in subsection 3.2, we cast the effective action in a convenient form using variables G Iµν . We find in particular how the black hole potential can be generalized. The independent fields in the effective action will be the metric components U and ω, the scalars z α and three-dimensional gauge vectors A I m , A Im . It is then easy to show that the effective action correctly reproduces the field equations for the scalar fields and the vector field equations of the original supergravity action (2.2).
Field equations
We would like to construct an effective action, which correctly describes the dynamics of the N = 2 supergravity theory, encoded in the action (2.2). Concretely, this means that we want to reproduce the scalar and vector field equations, and (part of) the Einstein equations. The metric ansatz we use now is the non-static one, given by (3.1). Again, we restrict ourselves to stationary solutions.
The scalar field equations for the supergravity action (2.2) are given by
Expressing everything in terms of vectors F I m and G Im using (2.14), this is equivalent to
The vector field equations and Bianchi identities on the other hand, can be written as
To find the Einstein equations, we start from the components of the Einstein tensor:
To calculate the components of the energy-momentum tensor, we again make use of expressions (2.6) and (2.7), but now for the non-static metric ansatz (3.1). Again, we make use of magnetic vectors F I m as defined in (2.14). We have a similar definition for V mn as in (2.11) and in addition, we define another symmetric tensor A mn , quadratic in the field strengths:
Imposing that each of the Einstein equations should vanish, we can in fact show that they are equivalent to the following set of independent equations:
Now we will propose an effective action that correctly describes the above dynamics.
The effective action
The effective action we propose will have the concise form
eff . (3.12)
Now we would like to cast the action (3.12) in a form similar to that we derived for the static solution. In particular, we want to extend the concept of a black hole potential we introduced there. To do this, we determine what the vector part of the effective action, L (1) eff , should look like, to reproduce the scalar field equations (3.4) as well as the field equations and Bianchi identities for the vectors (3.5). First, we will choose as dynamical vector variables in the effective action (3.12) vectors A I m , A Im , as was done in the static case, with
From (2.13), we obtain that the vectors F I 0m are functions of the independent variables we have in the effective action (namely U, ω m , z α and A I m , A Im ) :
where the indices I and J are suppressed on the matrices (ΩM) and . They appear in the different entries automatically in the appropriate positions. The expression (2.17) for V mn in the static case, suggests we take the following expression as the vector-dependent part in the effective action (3.12):
Now we will calculate the field equations for the independent fields in the effective action (3.12), showing why the choice (3.15) is justified. First, we can take a variation of the effective action w.r.t. the scalar field U. Using (3.14), we find
The functional derivative on the left-hand side has to be carried out when keeping the fields ω m , z α and A I m , A Im fixed. When we now make a variation of the full effective action (3.12), we see that the field equation for U is the same as the Einstein equation (3.9). Doing a likewise variation to find the field equations for ω m , keeping F I m , G Im fixed during variation, we reproduce expression (3.10). A variation w.r.t. γ mn gives inconsistency with the Einstein equations (3.9)-(3.11).
We now see that the effective action also generates the same scalar field equations as those obtained from the original action (2.2), where the vector fields A 
Using (3.14) as a definition for F I 0m and G I0m , the field equations that follow from the effective action (3.12) are given by
We see that for stationary solution (∂ 0 F mn = 0), the field equations and Bianchi identities of the four-dimensional action (2.2) are correctly reproduced by (3.17) and (3.18).
Finally we note that the Einstein equations (3.11) cannot be reproduced from the effective action we propose. The conclusion is that they have to be supplied as additional constraints on the fields appearing in the effective action (3.12). They read
where V pq and A pq where given in (3.7) and (3.8). The F 0m appearing in these terms has to be understood as a function of F I m and G Im through relation (3.14). We have seen that the effective action (3.12) correctly reproduces the field equations, for our non-static metric choice. It is important to note that the three-dimensional metric γ mn has to be considered as a background field in the effective action. Some of the Einstein equations cannot be reproduced -they have to be taken along as extra constraints. Again, the idea of four-dimensional gauge vectors has to be abandoned. The variables to be considered now are three-dimensional vectors A I m , A Im . This implies that the effective action is no longer covariant. It does however remain invariant under electric/magnetic duality rotations. More on this in the following section. In the light of the discussion for non-static metrics, we also have a generalization of the concept of the black hole potential. It is given by the vector Lagrangian (3.15).
Electric/magnetic duality
We would like to show that the supergravity action (2.2) we started from is not equivalent to the effective action (3.12) we constructed. In fact, this can be seen from electric/magnetic duality. It is known that the Lagrangian (2.2) is not invariant under electric/magnetic duality. However, the effective action (3.12) is invariant.
In a first section, we show this in detail, while in a second subsection we establish a link with the work of Denef [9] and the entropy function as introduced in [11, 12] . In particular, the effective action (2.30) we obtained for spherically symmetric metrics, gives exactly that entropy function.
Inequivalence of the 'original' and effective actions
Non-static metric. On the one hand, we have the supergravity action (2.2):
(4.1) The Ricci scalar can be readily calculated from (3.6) and reads:
Again, we used the three-dimensional metric γ mn to raise and lower indices. We also use the expressions for G Iµν (2.13) and for the vectors F I m , G Im (2.14) to rewrite the vector part of the Lagrangian:
Specifying the metric and restricting ourselves again to stationary solutions, the supergravity action is, up to a total derivative, given by
This action is not the same as the effective action we obtained earlier. First, it has to be understood in a different way -the reduced action (4.4) has as independent variables U, ω, the scalars z α and four-dimensional gauge vectors A I µ . In this way it reproduces the field equations of the scalars and the vectors, and the Einstein equations (3.9) and (3.10). Again, (3.11) has to be taken along as an extra constraint. But more importantly, it is clear that the vector Lagrangian is not invariant under electric/magnetic duality. This is clearly different from the effective action (3.12) we obtained. There we had instead of L (1) the following vector part in the Lagrangian: Static metric. When we use the metric ansatz (2.1), we can carry through the same discussion, with ω m = 0.
Discussion and comparison to the literature
The expression (4.5) is truly invariant under electric/magnetic duality rotations. This shows that our method of constructing an effective action leads us from a form (4.3) which makes general covariance manifest, but lacking electric/magnetic invariance, to a form (4.5) which incorporates the latter but misses out on four-dimensional covariance. In fact, a manifestly covariant four-dimensional action invariant under electric/magnetic duality does not exist. In [9] , Denef comments on this. Because he works in the framework of type IIB compactification, the problem is equivalent to the non-existence of a straightforward generally covariant action for the self-dual four-form potential. Based on the work of [17, 18] , he constructs a fourdimensional action which exhibits invariance under electric/magnetic duality rotations. Our effective action is in fact the same as his, up to a normalization of the vectors. However, in his work constraints (3.19) were not taken into account.
We establish the connection with the entropy function in the literature [11, 12] . To do so, we write the Lagrangian of the original action (4.4) in a suggestive form:
Here X a is the collection of dynamical fields in the metric: U for the static metric (2.1), while in the case of the non-static metric (3.1) it is given by U and ω m . Note that we have to consider the three-dimensional metric γ as background.
From the definition of G Iµν , or equivalently, from (4.3), we see that
Then (4.4) and (4.5) show that the effective Lagrangian we obtained can be written as
The last term can be considered as a constant because γ is not a dynamical field. Apart from this term, (4.8) clearly takes the form of a Legendre transform, where we switch from a description in F After integrating out the angular dependence, (4.8) becomes the entropy function in the literature, derived from the 2-derivative Lagrangian (4.3).
Concluding remarks
In this paper, we started from the nicely covariant action (2.2), describing Einstein-Maxwell theory for a number of Abelian gauge vectors. We investigated the field equations for stationary solutions. In particular, we showed that the field equations can be reproduced from an action that lacks in covariance, but makes electric/magnetic duality manifest. The key idea was to shift from four-dimensional gauge vectors A I µ to three-dimensional ones: A I m , A Im . This effective action is given by
eff , (2.14) . This action is actually a Legendre transformation of the spacetime covariant supergravity action (2.2) on the level of the (three-dimensional) gauge fields. This can be seen from equations (4.7) and (4.8) . From the original Einstein equations, we see that we have to supplement the effective action with a set of constraints.
The result can be split up. In the static case, we have established the connection with the black hole potential, a concept which we can now extend to non-spherically symmetric setups. The constraints reduce to one equation, given in (2.32). Also we saw that the Legendre transform reduces to the entropy function in the literature, after eliminating the vector fields from the effective action. In the non-static case, we have found the same electric/magnetic duality invariant action of [9] . The new results we obtain are twofold. On the one hand, we have the new feature of seeing the effective action as a Legendre transform. On top of that we have now found the constraints (3.19) , stemming from the original Einstein equations. They have to be supplied to the effective action when one considers non-supersymmetric setups and were not calculated before.
We hope that this analysis, in particular the explicit form of the constraints for the non-static effective action, can be a helpful step towards (not necessarily supersymmetric) stationary black hole solutions. Indeed, these constraint are automatically fulfilled for supersymmetric solutions, see for instance [19] , but have to be taken into account when one wants to solve the system in absence of supersymmetry.
